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Abstract
Present 3D limit equilibrium (LE) methods do not incorporate shear resistance from near vertical
sides parallel to the direction of slide movement. Consequently, the computed 3D factor of safety
(FS) is underestimated and the shear strength parameters from an inverse analysis are
overestimated. The present study uses continuum mechanics to calculate the magnitude of side
shear resistance along near vertical sides of a translational slide mass. Results of the parametric
study show use of an earth pressure coefficient (Kτ) that is in-between at-rest (K0) and active (KA)
earth pressure and Mohr-Colombo strength criteria provides a reasonable estimate of the side
shear resistance and 3D/2D FS ratios that are in agreement with finite element (FE) and finite
difference (FD) a continuum analyses. Based on these findings, charts showing the influence of
shear resistance on 3D/2D FS ratios for various slope inclinations and geometries are presented
herein.
INTRODUCTION
Two-Dimensional (2D) limit equilibrium (LE) analyses are based on a plane strain condition that
assumes the slide mass or cross-sections, is infinite in the direction perpendicular to slide
movement and therefore 3D effects (end effects) are negligible compared to the shear resistance
mobilized along the failure surface. This assumption is acceptable if the width of the slide mass
is large compared to its height, i.e., ratio of width (W) to height (H) of the slide mass is greater
than six (Arellano and Stark 2000). However, most, if not all, landslides are not infinitely long
and vary perpendicular to slide movement. Therefore, application of a 2D analysis to a 3D
problem is not accurate but believed to be conservative/sufficient for engineering purposes
because the end effects are neglected. Past research, e.g., Hutchinson and Sarma (1985);
Cavounidis (1987); Hungr (1987); Duncan (1996), shows that 3D analyses yield greater FS
values than those calculated using 2D analyses for the critical failure surface, all other things
being equal. 2D analyses are conservative because the resistances along the out-of-plane faces of
the slide mass are neglected in the analysis. This conservatism may be acceptable for slope
designs but in the case of inverse analyses of landslides, 2D analyses may result in
unconservative values of back-calculated shear strength by as much as 30% (Stark and Eid
1998). 3D analyses also allow modeling of changes in slope geometry and material properties
across the slide mass.
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For a translational landslide, Stark and Eid (1998) show three-dimensional (3D) LE
methods do not incorporate the effects of shear resistance along vertical or near vertical sides of
the slide mass parallel to the direction of slide movement. Consequently, the computed 3D factor
of safety (FS) is underestimated which results in an overestimate of inverse analysis of shear
strength parameters. To overcome this limitation, Stark and Eid (1998), Arellano and Stark
(2000), and Eid et al. (2006) suggest different techniques to incorporate the side shear resistance
in 3D LE computations. These three techniques estimate the magnitude of side shear force using
at-rest earth pressure (K0) and Mohr-Coulomb strength criteria.
The present study uses finite element (FE) and finite difference (FD) continuum analyses
to calculate the magnitude of side shear resistance along vertical or near vertical sides of a
translational slide mass. Results of the parametric study show use of K0 for approximating the
shear resistance overestimates the 3D/2D FS ratio obtained from FE and FD analyses. However,
use of an earth pressure coefficient (Kτ) that is in-between at-rest (K0) and active (KA) earth
pressure provides a reasonable estimate of the side shear resistance and 3D/2D FS ratios that are
in agreement with FE and FD analyses. Based on these findings, the charts provided by Arellano
and Stark (2000) showing the influence of shear resistance on 3D/2D FS ratios for various slope
inclinations and geometries are updated herein because they were developed using K0.
CONSIDERATION OF SIDE FORCES IN 3D LE SLOPE STABILITY SOFTWARE
In 3D slope stability software, a user defines the grid extent in x and y-directions. The user also
specifies the number of rows and columns, which essentially determines the size of the
individual vertical 3D columns. These vertical columns are the 3D equivalent of vertical slices in
a 2D analysis. Similar to a 2D analysis, the resisting force is computed at the base of each
column, instead of vertical slice, using the shear strength of the material through which the
column base rests. The resisting forces due to the earth pressure and Mohr-Coulomb shear
strength parameters applied to the vertical sides of the columns along the ends of the slide mass
are not computed by existing 3D software because only the base is considered. To overcome this
limitation, different techniques have been suggested to include the shear resistance along the
vertical or near vertical sides of the slide mass, which are briefly described below.
Stark and Eid (1998). Stark and Eid (1998) suggest using a shear force equal to the side
resistance to calculate the 3D FS. This is accomplished by assuming an “imaginary” material
layer surrounds the sides of the slide mass not the back scarp. The material properties of the
imaginary layer only affect the shear strength along the vertical sides and not the base or the
back scarp of the slide mass. The soil parameters of the imaginary layer are:
• Unit weight of the imaginary layer equals that of the upper layer, γ'imaginary=γ'upper
• Imaginary layer is frictionless, φ'imaginary=0
• The cohesion of the imaginary layer is equal to the shear strength due to KO, acting on the
vertical sides of the slide mass, c'imaginary=KO σ'v tan ϕ'upper , where, σ'v is the average
vertical effective stress over the depth of the sliding mass side, and KO =1- sin ϕ'upper.
In addition, each vertical side of the sliding mass is assigned a slight (less than 5°)
outward inclination to include a single row of columns so the analysis and software can calculate
the effect of cohesion in its resisting force calculations.
Arellano and Stark (2000). Arellano and Stark (2000) use a rectangular slide mass without
rounded or a curved head scarp in their parametric study. To include side resistance, an external
horizontal and vertical side force equivalent to the shear resistance due to at-rest earth pressure
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(K0) acting on the vertical sides at the centroid of the two parallel sides is included. The shear
resistance acting on the vertical sides is the same as used in Stark and Eid (1998), i.e.,
c'=K0*σ'v*tanϕ'upper and ϕ'=0.
(1)
The side shear force, S', acting on the vertical sides is estimated by multiplying c' by the
cross-sectional area of the vertical side. For simplicity, the side resistance of only the upper layer
is used and the small side area between the interface of upper material and lower material and the
base of failure surface is neglected when estimating the cross-section centroid. Additionally, it is
assumed that S' acts parallel to the base of the failure surface at a slope of 3% down slope.
Arellano and Stark (2000) use this side resistance formulation to investigate effect of side
shear resistance on the ratio of 2D/3D FS for three different slope inclinations, i.e., 1H:1V,
3H:1V, and 5H:1V. After including the shear resistance along vertical sides, Arellano and Stark
(2000) present a relationship between 3D/2D FS and W/H ratio for different slope inclinations.
For a slope of 1V:1H with a W/H ratio of one, the 3D/2D FS ratio is about 1.30, which indicates
a 30% increase in 2D FS. On the contrary, a slope of 5V:1H with the same W/H ratio has a
3D/2D FS ratio of about 3.2. This high 3D/2D FS ratio for a 5H:1V slope is due to the use of atrest earth pressure, instead of an earth pressure between active and at-rest, and is revised in this
paper because a 3D/2D FS ratio of 3.2 does not match field observations or FE and FD analyses
Chugh (2003).
Eid et al. (2006); and Eid (2010). Eid et al. (2006) and Eid (2010) include the shear resistance
along the two vertical sides of a slide mass by imposing a “group” of external horizontal and
vertical forces (Sy and Sz) that are the components of the shear resisting force (S). Calculation of
the resisting force is the same as used by Stark and Eid (1998) and Arellano and Stark (2000)
except the forces generated by at-rest earth pressure and pore water pressure are calculated
separately and then imposed at the centroids of the corresponding areas on the vertical sides of
slide mass. In Arellano and Stark (2000) the earth pressure forces are approximated using the
average vertical effective stress over the depth of the sliding mass and applied at the centroid of
the vertical sides of the slide mass.
MAGNITUDE OF SIDE RESISTANCE
To investigate the actual magnitude of side shear resistance to modify existing 3D LE methods,
the slide mass model used by Arellano and Stark (2000) was analyzed in 2D and 3D using LE,
FE, and FD software. 2D and 3D LE analyses were performed using CLARA-W (Hungr 2001)
and a 3D extension of Janbu's (1954) procedure. 2D and 3D FE analyses were performed using
PLAXIS 3D Tunnel V.2 (Brinkgreve and Broere 2004). 2D and 3D FD analyses were also
performed using FLAC (Itasca 2000) and FLAC3D (Itasca 2002), respectively.
The objectives of these analyses are to: (1) determine the magnitude of 3D/2D FS ratios
computed by FE and FD procedures; (2) determine magnitude of 3D/2D FS ratios computed
using K0 and KA for the side shear resistance in 3D LE analyses; and (3) develop
recommendations for the coefficient of earth pressure that should be used to estimate the side
shear resistance in 3D LE analysis of translational landslides with vertical or near vertical sides.
PARAMETRIC SLOPE MODEL
For comparison purposes, the slope model used by Arellano and Stark (2000) was reanalyzed
herein using LE, FE and FD procedures. Detailed information about the model and material
properties is given in Arellano and Stark (2000). Slope inclinations of 1H:1V, 3H:1V, and
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5H:1V with a height (H) of 10 m were analyzed. For FE and FD analyses, each slope inclination
was analyzed with W/H ratios of 1, 2, 5, and 10 with friction angles of 30° and 8° for upper and
lower materials, respectively, to model a translational sliding situation. LE analyses were
performed for W/H ratios of 1, 1.5, 2, 4, 5, 6, 8, and 10 with four combinations of ϕ'upper/ϕ'lower
values. The friction angle of upper material (ϕ'upper) was constant at 30° while the friction angle
of the lower material (ϕ'lower) was assigned values of 8°, 10°, 20°, and 30°.
To simulate a natural bedding plane or a weak geosynthetic interface in a landfill liner
system, the lower material was assumed to slope at 3% down slope. The groundwater or leachate
level was placed at a height of H/2 as measured at a distance L from the toe and linearly
decreasing to a height of zero at the toe.
LE, FE, and FD are different procedures and use different solution strategies. In
continuum analysis, the slope models were extended past the locations where the slope failure is
likely to occur. Therefore, slope models in FE and FD analyses are wider than models used for
the same inclination in LE analysis. Also, the lower material is represented by a layer of 0.8 m
thick, which is followed by a bottom block. The presence of the bottom block restricts the failure
surface to the weaker layer to simulate a translational failure.
For a 3D LE analysis, shear resistance along the parallel sides of the slide mass was
incorporated by adding external horizontal and vertical side forces using two separate
techniques:
• Application of one set of external horizontal and vertical side forces at overall centroids
of the two parallel sides as done by Arellano and Stark (2000).
• Adding maximum possible sets of external horizontal and vertical side forces at the
centroids of the active columns on the two parallel sides. Maximum number of loads that
can be specified in CLARA-W is 100, i.e., 50 sets (horizontal and vertical) of loads may
be applied on either parallel sides of slope model.
The 3D slope model in the FE and FD analyses include 6m wide end blocks and
displacement condition of fully fixed (u=0, v=0, and w=0) at the boundaries. In addition, the 3D
analysis in FLAC3D uses side blocks with higher strength and an interface between the slope
and end blocks to allow relative movement at the slope-block contact. The material properties
used in the CLARA-W, PLAXIS, and FLAC analyses are shown in Table 1.

1
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Table 1. Material Properties for Stability Analyses of Slope Model.
Parameter
Upper
Lower
Bottom
End
Interface3
Material Material
Block Blocks2
1
3
Unit weight , γ (kN/m )
17
18
18
25
Cohesion, c' (kPa)
0
0
0
0
0.05
Friction angle, ϕ' (◦)
30
8,10,20,30
40
45
30
Dilatation angle, ψ (◦)
0
0
0
0
2
4
3
5
6
Young’s modulus (kN/m )
3×10
3×10
3×10
3×10
Poisson’s ratio, ν
0.35
0.35
0.35
0.35
2
4
3
5
6
Bulk Modulus (kN/m )
3×10
3×10
3×10
3×10
2
4
3
5
6
Shear Modulus (kN/m )
1×10
1×10
1×10
1×10
2
Normal stiffness (kN/m )
1×104
Shear stiffness (kN/m2)
1×103

Density ρ (kg/m3) = Unit weight x 1000/9.81;2 End blocks in PLAXIS analysis use same material properties as
slope; 3 Only used in FLAC analysis
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EFFECT OF SHEAR RESISTANCE ALONG VERTICAL SIDES
To verify the magnitude of shear resistance along the vertical sides of the slide mass, 3D/2D FS
ratios obtained from FE and FD analysis for three slope inclinations are plotted for different W/H
ratios. For the 3D LE analysis, horizontal and vertical side force equivalents were computed
using the shear resistance due to at-rest earth pressure (K0=1-sinϕ'), active earth pressure (KA=1sinϕ'/1+sinϕ'), and an earth pressure coefficient (Kτ) that is in-between the K0 and KA values. For
simplicity/consistency in the analyses, a value of Kτ=0.5*(K0+KA) was used for the in-between
case or the average between K0 and KA. Thereafter, 3D/2D FS ratios computed for the LE
analysis were compared with results of FE and FD analysis to determine the optimal earth
pressure coefficient to use to incorporate 3D side resistance in LE analyses.
RESULTS FROM CONTINUUM ANALYSIS
The FE and FD analyses shows that 3D/2D FS ratios for all W/H combinations are greater than
unity, i.e., 3D FS is always greater than 2D FS. The highest value of 3D/2D FS ratio corresponds
to the 5H:1V slope for W/H=1. The highest values of 3D/2D FS ratio is 2.04 and 2.05 obtained
from FE and FD analyses, respectively instead of 3.2 as reported by Arellano and Stark (2000).
The values of 2.04 and 2.05 are in agreement with 2.05 reported by Chugh (2003).
In summary, 3D/2D FS ratios from continuum procedures (FE and FD) show similar
trends. For example, 3D/2D FS ratios increase with decreasing W/H ratios and for a given W/H
ratio and flatter slopes have higher 3D/2D FS ratios. 3D/2D FS ratios obtained from the FD
analysis are slightly higher than FE. Therefore, the FD and FE analyses are used as upper and
lower bounds, respectively, for 3D/2D FS ratios for each slope inclination of model geometry.
RESULTS FROM LE ANALYSIS
For illustration, 3D/2D FS values for 5H:1V slope obtained from FE, FD, and LE using external
side forces estimated using K0, KA, and Kτ (applied at overall centroids of the two parallel sides)
are compared in Figure 1.
Figure 1 shows using K0 produces 3D/2D FS ratios that are greater than those produced
by KA. This is caused by K0 being almost 50% greater than KA, i.e., for a ϕ'upper=30°, K0=0.5 and
KA=0.33, and the resulting side resistance being included via the cohesion parameter in the FS
calculation. Figure 1 also shows that using K0 to estimate side shear resistance results in 3D/2D
FS ratios that are higher than the upper limit set by FD analysis for the same slope inclination.
The 3D/2D FS ratio for the 5H:1V slope and W/H=1 is the highest. This ratio (3D/2D FS=3.2) is
significantly higher than the FD 3D/2D ratio because K0 produces an excessive side resistance.
However, using KA in all three slope inclinations underestimates 3D/2D FS ratios for W/H ratios
less than 2. Therefore, the optimal earth pressure to estimate field side resistance appears to be
in-between K0 and KA.
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In
n summary, for all threee slope inclin
nation studieed, 3D/2D F
FS ratios are within the uupper
and loweer FD and FE
E bounds wh
hen an earth
h pressure cooefficient (K
Kτ) equal to tthe average of K0
and KA iss used.

Figurre 1. Comp
parison of 3D
D/2D FS rattios from FD
D, FE, and LE (with side forces) fo
for
5H:1V slo
ope and varrious W/H rratios.
The
T use of an
n intermediate value of Kτ for calcullation of sidee forces is suupported byy field
slide masss observatio
ons where, generally
g
thee slide masss is cracked near the groound surfacee and
the crack
ks decrease in
i width witth depth. Th
herefore, neaar the grounnd surface thhe side resisstance
may agreee better witth KA and neear the base of the slide mass it mayy agree betteer with K0. B
Based
on triaxiaal compresssion tests, Laambe and Whitman
W
(19969) report hhorizontal sttrain of lesss than
0.5% is required to change the stresses fro
om at-rest too active earrth pressure. Therefore,, it is
he slip surfa
face develop
ps and moveement beginns, the at-reest earth preessure
possible that after th
ns to an activ
ve pressure.
transition
The
T effect off point(s) of application of external horizontal aand vertical side forces aat the
overall centroids
c
of two paralleel sides or centroids
c
off individual active colum
mns is show
wn in
Figure 2.. Dotted linees show the 3D/2D
3
FS raatios obtaine d by applyinng side shearr forces at ovverall
centroidss of the two parallel sidees, while sollid lines show
w 3D/2D FS
S ratios which were obtained
by apply
ying side sheear forces at maximum number
n
of aactive colum
mns on the tw
wo parallel ssides.
The results show thee variation in
n FS computtations is aboout 5% whicch is less thaan the accepptable
error of 12%
1
reported by Duncan
n (1996). Th
herefore, appplication of oone set of exxternal horizzontal
and vertiical side forrces at overaall centroidss of the twoo parallel siddes as done by Arellanoo and
Stark (20
000) is considered sufficient for pracctical applicaation.
Figure 3 presents a relatio
onship between the 3D/22D FS ratioss and W/H fo
for the three slope
inclinatio
ons considerred in the paarametric stu
udy. Dotted llines show tthe 3D/2D F
FS ratios obtained
using sid
de shear resiistance estim
mated using K0, while thhe solid linees represent 3D/2D FS rratios
obtained using Kτ, i.ee., in-betweeen K0 and KA. Figure 3 shows for thhe 1H:1V sllope there is little
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differencce between 3D/2D
3
FS raatios obtaineed using Kτ oor K0. Howeever, the diffference in 3D
D/2D
FS ratioss is greater for
f flatter slo
opes, i.e., 5H
H:1V slope ((W/H=1), ussing Kτ and K0 (2.10 andd 3.2,
respectiv
vely). The maximum
m
vallue of 3D/2D
D FS obtaineed using Kτ tto calculate side resistannce is
about 2%
% higher than
n 3D/2D FS ratio obtaineed from FE aand FD anallyses, i.e., 2.05 vs 2.10.

Figu
ure 2. Effeect of single or multiplee points of aapplication oof side shear resistancee.

ong verticall sides of sliide mass usiing KO and Kτ
Figurre 3. Effect of shear reesistance alo
procedu
ure
Based
B
on theese analyses and Kτ, updated relatioonships betw
ween ratio oof 3D/2D FS
S and
W/H for the three slo
ope inclinatio
ons are presented in Figu
gure 4. Thesee relationshipps are for friiction
angles of
o 30° and 8° for the upper and lower matterials, respeectively, annd supercedee the
relationsh
hips presenteed in Arellan
no and Stark
k (2000).
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Fiigure 4. Efffect of shea
ar resistance along verttical sides oof slide masss using Kτ.
LUSIONS AND RECOM
MMENDAT
TIONS
CONCL
owing concllusions and recommend
dation are ppresented baased on the FE, FE, and LE
The follo
analyses presented ab
bove:
• 3D
D/2D FS rattios for all slope inclinattions analyzzed using FE
E, FD, and L
LE procedurees are
grreater than unity.
u
• Shear resistan
nce along th
he two vertical sides thaat parallel thhe direction of movemeent in
trranslational slides can be
b applied ass external foorces in LE software to calculate thhe 3D
FS.
• For translatio
onal slides with
w vertical or
o near vertiical sides, coontinuum proocedures (FE
E and
FD) provide better
b
estimaates of 3D/2
2D FS ratios than LE butt special atteention is reqquired
to
o slide mass boundary co
onditions.
• Comparison
C
of
o LE with FD and FE analyses inddicate usingg K0 to estim
mate an emppirical
sh
hear resistan
nce along two vertical sid
des in LE m
method overeestimates 3D
D/2D FS ratioos for
fllat (5H:1V) slopes.
s
• An
A earth pressure coefficcient (Kτ) equal to the average of K0 and KA pprovides a bbetter
esstimate of sh
hear resistan
nce acting alo
ong two verttical sides annd results inn 3D/2D FS rratios
th
hat are in agrreement with
h FE and FD
D analyses. F
For simpliciity and to be conservativve, KA
co
ould be used
d for Kτ.
• For practical purposes, application
a
of one set of external horizontal and verticall side
fo
orces at overrall centroid
ds of the two
o parallel siddes as done bby Arellano and Stark (22000)
prrovides reasonable accurracy in LE analyses.
a
• LE,
L FE, and FD analyses show thaat side resisstance is a function off W/H and slope
in
nclination. For
F a given slope inclin
nation, 3D eeffects are hhigher for loower W/H rratios,
which
w
tends to
t become co
onstant for W/H
W ratios ggreater than ssix.
• Flatter slopess have higherr 3D/2D FS values becauuse of a largger side area..
D values of FS should not
n be compared to 2D rregulatory vvalue of FS, e.g., 1.5, beccause
• 3D
of a lower lev
vel of safety
y due to incllusion of thee side resisttance. A FS
S greater thaan 1.5
hould be useed to create the
t same lev
vel of safety.
sh
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